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Abstract 

We provide a simple proof of a generalization of the multivariate Chu- 
Vandermonde identity recently derived in Favaro et al. (2010a). Exploiting 
known results for rising factorials and fourth Lauricella polynomials we show 
resorting to Laplace-type integral representation of the fourth Lauricella func- 
tion may be avoided. 

1 Introduction 

Favaro et al. (2010a) introduce the following generalized version of the multinomial 

theorem for rising factorials (a) n = a(a + 1) • • • (a + n — 1) in terms of the fourth 
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for a,j and Wj > 0, j = l,...,r, and a = Y^ V j=i a ji with application to species 
richness estimation within a Bayesian nonparametric framework outside the Gibbs 
priors class. The authors start by proving the binomial version of (pQ) by repeated 
application of known properties of the Gauss hyper geometric function, and then 
obtain the multinomial version through a long proof resorting to integral represen- 
tation of the fourth Lauricella function. Here we show how to reduce both the proofs 
to few elementary steps of combinatorial calculus resorting to known properties of 
Gauss hyper geometric and fourth Lauricella polynomials . 
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2 The simple proof 

First we recall some elementary known facts about rising factorials and Gauss hy- 
pergeometric polynomials. See e.g. Srivastava and Manocha (1984). For n € N and 
x=£ 0,-1, -2,..., 

(x) n = x{x + 1) ■ ■ ■ [x + n — 1) - 



T(x) ' 

which implies for < k < n the binomial coefficient may be expressed as 

'n\ _ {-l) k (-n) k 



kj k\ 
as well as that 

T(n-k + l) ~ ( - n)k (3) 

and 

Wn-k = . (4) 

(1 - x - n) k 

Now, for a, b, c real or complex parameters, and c / 0, —1, —2, . . . , the Gauss hy- 
pergeometric function (or Gauss hypergeometric series) in terms of rising factorials 
is given by the following infinite sum 

tp ( u \ ( a )k{b)k k / k n 

2-Fi (a, 6, c; x) = 2^ 777 ; x (5) 

fc=o lCjfc 

and for a (or 6) a non positive integer reduces to the Gauss hypergeometric polyno- 
mial 

2 F l( -n,6,c;x) = f;^4^x fc , (6) 
fro kl ^ k 

which is known to satisfy the following relation (see e.g. Andrews et al. (1999) Eq. 
2.3.14) 

2 Fi(—n, b,c;x) = —. 2 Fi(-n, b, b + 1 — n — c; 1 — x). (7) 
(c)n 

Notice that for x = 1, both and ([7]) give the Gauss summation formula 

2 F 1 (- ni 6,c;l) = ^. 

(c)n 

Hence by © and 

(-n)fe(a)* fw^k _ 
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and by © and © 



z n (a + P) n 2 F 1 (-n,a,a + P, 1 



(9) 



which proves the generalization of the Chu-Vandermonde identity in Proposition 1. 
in Favaro et al. (2010a). 



To prove the multivariate version (pTJ) it is enough and obvious to resort to the 
multivariate extension of © to the fourth Lauricella polynomials (Toscano, 1972, 
see Exton, 1976, pag. 216, Eq. 6.9.5) 
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Having at hand the generalizations of © 
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the result © (cfr. Proposition 2. in Favaro et al 2010a) easily follows by two steps 
of combinatorial calculus. In fact by (fTTj) and (fT2j) . for a = Y^j=i a j 
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Remark We notice that a lot of effort have been produced over the last few years 
around the multivariate Chu-Vandermonde identity in Bayesian nonparametric lit- 
erature. In Lijoi et al. (2007) and in Lijoi et al. (2008) two different proofs are 
provided for the multinomial theorem for rising factorial, despite the result is known 
in combinatorial theory, (see e.g. Carlson, 1977, pag 13, Th. 2.3-2). In Favaro et al. 
(2010a) and in Favaro et al. (2010b) two different proofs are given to prove the gen- 
eralization (1) despite as just shown it simply follows by two steps of combinatorial 
calculus. 
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